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Abstract. We give a new concatenated type construction for linear codes with comple-

mentary dual (LCD) over small finite fields. In this construction we need a special class

of inner codes that we call isometry codes. Our construction generalizes a recent construc-

tion in [1] and [5] and it allows us to construct LCD codes with improved parameters directly.

Keywords: LCD code, concatenation, isometry code

Mathematics Subject Classification: 94B05, 11T71.

1. Introduction

Linear codes with complementary duals (LCD) are linear codes whose intersection with

their dual is trivial. This concept was introduced by Massey [6]. Recently the first author and

Guilley [1] investigated an interesting application of binary LCD codes against side-channel

attacks and fault injection attacks and presented several constructions of LCD codes.

This has started an interest in several newer constructions of LCD codes over arbitrary

finite fields, see for example [2, 4, 5, 9]. These constructions either use special classes of linear

codes like quasi-cyclic codes or they construct LCD codes over large finite fields compared

to their length. In classical coding theory an efficient method for constructing long codes

over small finite fields is the method of concatenation. It uses codes over a large finite field

(outer codes) with minimum distance D and suitable inner codes with minimum distance d

and produces linear codes over the corresponding small field of minimum distance having a

guaranteed lower bound of dD. There is only one analog of this construction for LCD codes,

which is in [1, Proposition 3] and [5, Theorem 5.2]. However this construction works only if

the small field Fq and the large field Fqk satisfy

 q is even or

 q is odd and k is odd.

Moreover the corresponding inner code has parameters rk, k, 1s and the guaranteed minimum

distance is just D if the starting LCD code (outer code) over the large field Fqk has minimum

distance D.
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In this paper we introduce a new class of codes that we call isometry codes. These codes

are defined for any Fq and have parameters rn, k, ds with d ¥ 2. We prove that using isometry

codes as inner codes in the concatenation gives LCD codes in the small finite field if we start

with LCD codes (outer codes) over a large finite field (see Theorem 3.1 below). This allows

us to construct LCD codes with larger guaranteed minimum distance over arbitrary finite

fields. We also provide some direct improvements of the results given in [4, Table 2].

The rest of the paper is organized as follows. We introduce isometry codes in Section 2.

We give our construction in Section 3. We give some applications and numerical results in

Section 4.

2. Isometry Codes

Let q be a prime power and 2 ¤ k ¤ n be integers. The trace of α P Fqk over Fq is defined

as

TrF
qk
{Fq
pαq �

k�1̧

i�0

αqi � α� αq � � � � � αqk�1
.

From now on, we denote TrF
qk
{Fq
pαq by Trpαq. Let te1, . . . , eku � Fk

q . Assume that pe1, . . . , ekq

is an ordered basis of Fqk over Fq. Recall that pe11, . . . , e
1
kq is the dual basis of pe1, . . . , ekq if

Trpeie
1
jq � δij

for 1 ¤ i, j ¤ k. There exists a uniquely determined dual basis for any basis of Fqk over Fq.

Recall that pe1, . . . , ekq is called a self-dual basis of Fqk over Fq if pe1, . . . , ekq � pe11, . . . , e
1
kq.

Note that there exists a self-dual basis of Fqk over Fq if and only if (see, for example, [8])

 q is even or

 q is odd and k is odd.

Definition 2.1. Let pe1, . . . , ekq be an ordered basis of Fqk over Fq. An Fq-linear map

π : Fqk Ñ Fn
q is called an isometry with respect to pe1, . . . , ekq if

πpeiq � πpe
1
jq � δij

for 1 ¤ i, j ¤ k where the inner product is the Euclidean inner product in Fn
q . Here pe11, . . . , e

1
kq

is the dual basis of pe1, . . . , ekq. The image πpFqkq is called an isometry code with respect to

pe1, . . . , ekq.

Remark 2.2. Note that an isometry code πpFqkq with respect to pe1, . . . , ekq is a linear

rn, ks code over Fq. Indeed, tπpe1q, πpe2q, . . . , πpekqu is linearly independent over Fq: If

a1, a2, . . . , ak P Fq with a1πpe1q � a2πpe2q � � � � � akπpekq � 0, then multiplying the vectors

with πpe11q in both sides we obtain that

a1πpe
1
1q � πpe1q � a2πpe

1
1q � πpe2q � � � � � akπpe

1
1q � πpekq � a1 � 0.

Similarly, a2 � a3 � � � � � ak � 0, which shows that the dimension of πpFqkq is k over Fq.

Next we give some simple examples.
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Example 2.1. If k � n and pe1, . . . , ekq is a self-dual basis of Fqk over Fq, then the map

π :Fqk Ñ Fk
q

u ÞÝÑ πpuq � pTrpe1uq,Trpe2uq, . . . ,Trpekuqq

is an isometry with respect to pe1, . . . , ekq obviously. The corresponding isometry code πpFqkq

is a linear rk, k, 1s code over Fq.

Example 2.2. We have confirmed the following results by MAGMA.

 If k � 2, n � 3 and q � 2, then there are 6 distinct isometries π : Fq2 Ñ F3
q for each

basis pe1, e2q of Fq2 over Fq.

 If k � 2, n � 4 and q � 2, then there are 32 distinct isometries π : Fq2 Ñ F4
q for each

basis pe1, e2q of Fq2 over Fq.

 If k � 3, n � 4 and q � 2, then there are 48 distinct isometries π : Fq3 Ñ F4
q for each

basis pe1, e2, e3q of Fq3 over Fq.

 If k � 2, n � 2 and q � 3, then there is no isometry π : Fq2 Ñ F2
q for any basis pe1, e2q

of Fq2 over Fq.

 If k � 2, n � 3 and q � 3, then there are 24 distinct isometries π : Fq2 Ñ F3
q for each

basis pe1, e2q of Fq2 over Fq.

 If k � 2, n � 4 and q � 3, then there are 288 distinct isometries π : Fq2 Ñ F4
q for

each basis pe1, e2q of Fq2 over Fq.

Definition 2.3. Let 2 ¤ k ¤ n be integers. Assume that there exists an isometry π : Fqk Ñ

Fn
q with respect to at least one basis pe1, . . . , ekq of Fqk over Fq. Let dmax�isometrypq; rn, ksq be

the largest minimum distance of all isometry codes πpFqkq � Fn
q among all basis pe1, . . . , ekq

of Fqk over Fq. Assume that there is no isometry πpFqkq � Fn
q with respect to any basis

pe1, . . . , ekq of Fqk over Fq. Then we define dmax�isometrypq; rn, ksq � 0 by convention.

The following examples are interesting and they give reasoning for Definition 2.3.

Example 2.3. dmax�isometrypq; r4, 2sq � 2 for q � 2. For example,

π1 :Fq2 Ñ F4
q

u ÞÝÑ πpuq � pTrpw2uq,Trpw2uq,Trpwuq,Trpw2uqq

is an isometry with respect to p1, wq and π1pFq2q is a linear r4, 2, 1s code over F2. However,

π2 :Fq2 Ñ F4
q

u ÞÝÑ πpuq � pTrpwuq,Trpw2uq,Trpuq,Trpuqq

is an isometry with respect to p1, wq and π2pFq2q is a linear r4, 2, 2s code over F2. Here w

is the primitive element of F22 satisfying w2 � w � 1 � 0. Note that a code over F2 with

parameters r4, 2, 2s is optimal.
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Example 2.4. dmax�isometrypq; r5, 3sq � 2 for q � 2. For example,

π1 :Fq3 Ñ F5
q

u ÞÝÑ πpuq � pTrpw6uq,Trpw5uq,Trpw6uq,Trpw6uq,Trpw3uqq

is an isometry with respect to p1, w, w2q and π1pFq3q is a linear r5, 3, 1s code over F2. However,

π2 :Fq3 Ñ F5
q

u ÞÝÑ πpuq � pTrpw3uq,Trpw5uq,Trpw6uq,Trpuq,Trpuqq

is an isometry with respect to p1, w, w2q and π2pFq3q is a linear r5, 3, 2s code over F2. Here

w is the primitive element of F22 satisfying w3 � w � 1 � 0. Note that a code over F2 with

parameters r5, 3, 2s is optimal.

3. A New Concatenated Type Construction

In this section we give our construction.

Let 2 ¤ k ¤ n be integers and Fq be a finite field such that

dmax�isometrypq; rn, ksq ¥ 1.

Let π : Fqk Ñ Fn
q be an isometry with respect to a basis pe1, . . . , ekq of Fqk over Fq

such that πpFqkq is an Fq-linear code of length n, dimension k and minimum distance

dmax�isometrypq; rn, ksq.

Let C � Fs
qk

be a linear code over Fqk with parameters rs, t, dpCqs. Let π : Fs
qk
Ñ Fns

q be the

Fq-linear map defined as

πbs :Fs
qk Ñ Fns

q

pα1, α2, . . . , αsq ÞÝÑ rπpα1q, πpα2q, . . . , πpαsqs

where Fns
q is identified with n� s matrices over Fq and πpαiq corresponds to the i-th column

of length s over Fq.

Theorem 3.1. If C is an LCD code over Fqk with parameters rs, t, dpCqs, then πbspCq is

an LCD code over Fq with parameters rsn, tk, dpCqdmax�isometrypq; rn, ksqs.

Remark 3.2. This construction is the same with the one of [1, Proposition 3] and [5, Theorem

5.2] if k � n and π is the obvious isometry corresponding to self-dual bases as in Example

2.1. Note that dmax�isometrypq; rn, ksq � 1 in this case. Our construction is new and effective

especially when dmax�isometrypq; rn, ksq ¥ 2 as in Examples 2.3 and 2.4.

Proof. We use some methods of Chen-Ling-Xing in [3]. Let E � πpFqkq and EK be its

dual in Fqn . Note that E is a linear rn, ksq code and EK is a linear rn, n � ksq code. For

1 ¤ i ¤ s let Ei � E and EK
i � EK. Note that

EK
1 � EK

2 � � � � � EK
s � Fsn

q
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is an Fq-linear code with parameters rsn, spn � kqsq. We note that πbspFqkq K pEK
1 � EK

2 �

� � � � EK
s q trivially as

rπpα1q, πpα2q, . . . , πpαsqs � rb1, b2, . . . , bss � πpα1q � b1 � πpα2q � b2 � � � � � πpαsq � bs � 0

if πpα1q K b1, πpα2q K b2, . . . , πpαsq K bs. Hence,

πbspCq K pEK
1 � EK

2 � � � � � EK
s q.(1)

Moreover, πpFqkq X EK � t0u. Indeed, let β P Fqk with πpβq K E, or equivalently

πpβq � πpeiq � 0(2)

for 1 ¤ i ¤ k. Let pe11, e
1
2, . . . , e

1
kq be the dual basis for the basis pe1, e2, . . . , ekq of Fqk over

Fq. Let β � b1e
1
1 � � � � � bke

1
k with b1, . . . , bk P Fq. Then by (1) we have

pπpe11qb1 � πpe12qb2 � � � � � πpe1kqbkq � πpe1q � 0,

which implies that b1 � 0 as π is an isometry and hence πpe1iq � πpe1q � δ1i. Similarly

b2 � . . . � bk � 0 and hence β � 0. Therefore, πbspFqkq X pEK
1 � EK

2 � � � � � EK
s q � t0u and

in particular

πbspCKq X pEK
1 � EK

2 � � � � � EK
s q � t0u.(3)

To show that πbspCq is LCD, we observe that it is enough to prove

πbspCKq K πbspCq.(4)

Indeed the dimension of the dual of πbspCq is

sn� tk � dimpπbspCKqq � dimpEK
1 � EK

2 � � � � � EK
s q

as dimpπbspCKqq � kps � tq and dimpEK
1 � EK

2 � � � � � EK
s q � spn � kq. Using (1), (3)

and (4) we conclude that the dual of πbspCq is pEK
1 � EK

2 � � � � � EK
s q ` πbspCKq. As

πbspCq X pEK
1 � EK

2 � � � � � EK
s q � t0u and C X CK � t0u, we conclude that πbspCq is

LCD. Indeed if a P πbspCq X πbspCqK � πbspCq X πbspCKq, then there exists α P C X CK

such that a � πbspαq. As C is LCD we obtain that α � 0 and hence a � 0.

Now we prove (4). Let pα1, . . . , αsq P Fs
qk

and pβ1, . . . , βsq P Fs
qk

such that pα1, . . . , αsq �

pβ1, . . . , βsq � 0. For 1 ¤ l ¤ s and 1 ¤ i, j ¤ k, let ail, b
j
l P Fq such that

αl �
ķ

i�1

ailei and βl �
ķ

j�1

bjl e
1
j .

Hence we have that

ş

l�1

ķ

i�1

ķ

j�1

ailb
j
l eie

1
j � 0.

Taking the trace of both sides we obtain that

ş

l�1

ķ

i�1

ķ

j�1

ailb
j
l � 0(5)
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as Trpeie
1
jq � 0 for 1 ¤ i, j ¤ k. We will show that

πbspα1, . . . , αsq � π
bspβ1, . . . , βsq �

ş

l�1

πpαlq � πpβlq � 0(6)

which implies (4). We have πpαlq �
°k

i�1 a
i
lπpeiq and πpβlq �

°k
j�1 b

j
lπpe

1
jq for 1 ¤ l ¤ s.

Hence
ş

l�1

πpαlq � πpβlq �
ş

l�1

ķ

i�1

ķ

j�1

ailb
j
lπpeiq � πpe

1
jq �

ş

l�1

ķ

i�1

ailb
i
l

which follows from the isometry property that πpeiq � πpe
1
jq � δij for 1 ¤ i, j ¤ k. Using (5)

and (6), we complete the proof.

2

Next we give a direct generalization of Theorem 3.1 which would be useful in some applica-

tions as it would cover a wider range of parameters. Let s ¥ 2 be an integer and for 1 ¤ i ¤ s,

assume that πi : Fqk Ñ Fni
q are isometries with respect to the same basis pe1, . . . , ekq of Fqk

over Fq. Let us note that the ni’s need not be the same.

For each i, let Ei :� πipFqkq be the corresponding isometry code over Fq with length ni,

dimension k and minimum distance dmax�isometrypq, rni, ksq. Consider the Fq-linear injection

π : Fs
qk

Ñ Fn1
q � � � � � Fns

q

pα1, α2, . . . , αsq ÞÑ rπ1pα1q, . . . , πspαsqs.

The following is a direct generalization of Theorem 3.1.

Theorem 3.3. If C is an LCD code over Fqk with parameters rs, t, dpCqs, then πpCq is an

LCD code over Fq of length n1 � � � � �ns and dimension tk. The minimum distance of πpCq

is at least

min

#¸
iPI

dmax�isometrypq; rni, ksq : I � t1, . . . , su, |I| � dpCq

+
.

4. Numerical Results

In this section we directly improve some parameters in [4, Table 2] using Examples 2.3 and

2.4. We also provide some numerical results on the parameters of isometry codes.

The following examples give improvements on [4, Table 2].

Example 4.1. There exists and optimal (maximum distance separable) LCD code C with

parameters r4, 2, 3s over F4 (see for example [7]). Recall that π2pF4q is an isometry code

given explicitly in Example 2.3 with parameters r4, 2, 2s over F2. Hence using Theorem 3.1

we obtain an LCD code with parameters r16, 4, 6s over F2. This is an improvement compared

to [4, Table 2], as the corresponding LCD code in [4, Table 2] has parameters r16, 2, 6s over

F2.

Example 4.2. There exists and optimal (maximum distance separable) LCD code C1 with

parameters r4, 2, 3s over F8 (see for example [7]). Recall that π2pF8q is an isometry code given

explicitly in Example 2.4 with parameters r5, 3, 2s over F2. Hence using Theorem 3.1 and C1

we obtain an LCD code with parameters r20, 6, 6s over F2. This is an improvement compared
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to [4, Table 2], as the corresponding LCD code in [4, Table 2] has parameters r20, 6, 6s over

F2.

Similarly there exists and optimal (maximum distance separable) LCD code C2 with pa-

rameters r4, 3, 2s over F8. In the same way using C2 instead of C1 we obtain an LCD code

with parameters r20, 9, 4s over F2. This is an improvement compared to [4, Table 2], as the

corresponding LCD code in [4, Table 2] has parameters r20, 8, 4s over F2.

Finally we give some numerical results that we obtained using MAGMA on the values of

dmax�isometrypq; rn, ksq for some small values of n and k for q � 2 and q � 3.

Table 1: Parameters of Some Isometry Codes for q � 2

rn, ks dmax�isometrypq; rn, ksq

r2, 2s 1

r3, 2s 1

r4, 2s 2

r5, 2s 2

r6, 2s 3

r3, 3s 1

r4, 3s 1

r5, 3s 2

r6, 3s 2

Table 2: Parameters of Some Isometry Codes for q � 3

rn, ks dmax�isometrypq; rn, ksq

r2, 2s 0

r3, 2s 1

r4, 2s 2

r5, 2s 3

r6, 2s 3

r3, 3s 1

r4, 3s 2

r5, 3s 2

Note that in Table 1, the isometry codes with rn, ks P tr4, 2s, r5, 3su over F2 are optimal

(maximum distance separable). Similarly in Table 2, the isometry codes with rn, ks P

tr5, 2s, r4, 3s, r5, 3su over F3 are optimal (maximum distance separable).
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